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Abstract
Rotationally invariant space with noncommutativity of coordinates and noncommuta-
tivity of momenta of canonical type is considered. A system of N interacting harmonic
oscillators in uniform filed and a system of N particles with harmonic oscillator interac-
tion are studied. We analyze effect of noncommutativity on the energy levels of these
systems. It is found that influence of coordinates noncommutativity on the energy levels
of the systems increases with increasing of the number of particles. The spectrum of
N free particles in uniform field in rotationally-invariant noncommutative phase space is
also analyzed. It is shown that the spectrum corresponds to the spectrum of a system
of N harmonic oscillators with frequency determined by the parameter of momentum
noncommutativity.
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1 Introduction
Recently much attention has been devoted to studies of a quantum space realized on the
basis of idea that the spatial coordinates might be noncommutative. The noncommutative
space of canonical type has been studied intensively. In the space the coordinates satisfy
the following commutation relations
[Xi,Xj ] = ih¯θij, (1)
where θij are elements of constant antisymmetric matrix, parameters of coordinate non-
commutativity. In noncommutative phase space the momenta are supposed to be non-
commutative too. The commutation relations read
[Pi, Pj ] = ih¯ηij . (2)
Commutation relations for coordinates and momenta are generalized as
[Xi, Pj ] = ih¯(δij + γij). (3)
where ηij, γij are elements of constant matrixes.
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Coordinates Xi and momenta Pi which satisfy (1), (2) can be represented as
Xi = xi − 1
2
∑
j
θijpj, (4)
Pi = pi +
1
2
∑
j
ηijxj, (5)
here xi, pi are coordinates and momenta which satisfy
[xi, xj ] = 0, (6)
[xi, pj ] = ih¯δij , (7)
[pi, pj] = 0. (8)
On the basis of (4), (5), the commutation relations for coordinates and momenta read
[Xi, Pj ] = ih¯δij + ih¯
∑
k θikηjk/4. So, parameters γij are considered in the following form
γij =
∑
k θikηjk/4 [1].
In noncommutative phase space of canonical type (1)-(3) the rotational symmetry
is not preserved [2, 3]. Algebra (1)-(3) is not rotationally invariant. To preserve this
symmetry different types of noncommutative algebras were studied [4, 5, 6, 7]). Much
attention has been devoted to studies of position-dependent noncommutativity (see, for
example, [8, 9, 10, 11, 12, 13, 14]), noncommutative algebras with spin noncommutativity
of coordinates (see, for example, [15, 16, 17]).
In our previous paper [18] in order to construct rotationally invariant noncommutative
algebra of canonical type we have studied the idea of involving additional coordinates and
momenta. The parameters of noncommutativity were considered to be generalized to a
tensors constructed with the help of the additional coordinates and momenta. In the
present paper a system of interacting harmonic oscillators in uniform field is studied
in the rotationally invariant noncommutative phase space. We investigate influence of
coordinates noncommutativity and momentum noncommutativity on the spectrum of the
system. On the basis of this result energy levels of a system of particles with harmonic
oscillator interaction and a system of free particles in uniform field are analyzed in the
rotationally invariant noncommutative phase space.
Nancommutative harmonic oscillator was studied in papers [19, 20, 21, 22, 23, 24, 25,
26, 27, 28, 29, 30, 31, 32, 33]. A system of two coupled harmonic oscillators was examined
in two-dimensional noncommutative space [34, 35], in four-dimensional noncommutative
phase space [36, 37]. In [38, 39] system of free particles in four-dimensional noncommuta-
tive phase space of canonical type was studied. In noncommutative space-time classical
problems of many particles among them N interacting harmonic oscillators were examined
in [40].
Studies of many-particle systems in the frame of noncommutative algebra of coordi-
nates and momenta give a possibility to find new effects in the properties of wide class of
physical systems caused by space quantization. Considered in the present paper system
of interacting harmonic oscillators has various applications. Studies of a system of N
interacting harmonic oscillators are important in nuclei physics [41, 42, 43], in quantum
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chemistry and molecular spectroscopy [44, 45, 46, 47]. Recently networks of coupled har-
monic oscillators have attracted much attention because of their importance for quantum
information processing [48, 49, 50]. The studies are also important for searching signa-
tures towards the Planck scale physics which are observable on macroscopic scales. The
systems under consideration can be realized on the classical level as a system of oscillators
coupled by springs.
Our paper is organized as follows. In Section 2 noncommutative algebra which is
rotationally invariant and equivalent to noncommutative algebra of canonical type is pre-
sented. Section 3 is devoted to studies of the total hamiltonian in rotationally invariant
noncommutative phase space. Effect of noncommutativity on the spectrum of a system
of N interacting harmonic oscillators in uniform field is examined in the Section 4. Also
in this section a system of free particles in uniform filed and a system of particles with
harmonic oscillator interaction are studied. Spectrum of a system of two interacting har-
monic oscillators and spectrum of three interacting harmonic oscillators are analyzed in
Section 5 and Section 6, respectively. Section 7 is devoted to conclusions.
2 Rotationally invariant noncommutative algebra
of canonical type
In our paper [18] we considered the tensors of noncommutativity to be defined as
θij =
cθl
2
P
h¯
∑
k
εijka˜k, (9)
ηij =
cηh¯
l2P
∑
k
εijkp˜
b
k. (10)
where cθ, cη are dimensionless constants, lP is the Planck length. We use notations a˜i, b˜i
p˜ai , p˜
b
i for additional dimensionless coordinates and momenta conjugate to them which are
governed by a spherically symmetric systems. For simplicity these systems are considered
to be harmonic oscillators
Haosc = h¯ωosc
(
(p˜a)2
2
+
a˜2
2
)
, (11)
Hbosc = h¯ωosc
(
(p˜b)2
2
+
b˜2
2
)
. (12)
The values of parameters of noncommutativity are supposed to be of the order of the
Planck scale. So, we put
√
h¯/
√
moscωosc = lP . The frequency of the oscillators ωosc is
considered to be very large which leads to the statement that the oscillators put into the
ground states remain in them [18]. So, in [18] we proposed the following noncommutative
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algebra
[Xi,Xj ] = icθl
2
P
∑
k
εijka˜k, (13)
[Xi, Pj ] = ih¯
(
δij +
cθcη
4
(a˜ · p˜b)δij − cθcη
4
a˜j p˜
b
i
)
, (14)
[Pi, Pj ] =
cηh¯
2
l2P
∑
k
εijkp˜
b
k. (15)
Commutation relations for a˜i, b˜i p˜
a
i , p˜
b
i were considered to be as follows
[a˜i, a˜j ] = [b˜i, b˜j ] = [a˜i, b˜j ] = [p˜
a
i , p˜
a
j ] =
= [p˜bi , p˜
b
j] = [p˜
a
i , p˜
b
j ] = 0, (16)
[a˜i, p˜
a
j ] = [b˜i, p˜
b
j] = iδij , (17)
[a˜i, p˜
b
j ] = [b˜i, p˜
a
j ] = 0 (18)
[a˜i,Xj ] = [a˜i, Pj ] = [p˜
b
i ,Xj ] = [p˜
b
i , Pj ] = 0. (19)
So, like in the case of canonical version of noncommutativity with θij, ηij , γij being
constants, in the case of θij, ηij being defined as (9), (10) we can write
[θij,Xk] = [θij , Pk] = [ηij ,Xk] = [ηij , Pk] = [γij ,Xk] = [γij , Pk] = 0 (20)
From this one can state that the proposed algebra
[Xi,Xj ] = icθl
2
P
∑
k
εijka˜k, (21)
[Xi, Pj ] = ih¯
(
δij +
cθcη
4
(a˜ · p˜b)δij − cθcη
4
a˜j p˜
b
i
)
, (22)
[Pi, Pj ] =
cηh¯
2
l2P
∑
k
εijkp˜
b
k, (23)
is equivalent to noncommutative algebra of canonical type at the same time it is rotation-
ally invariant.
The noncommutative coordinates and noncommutative momenta which satisfy (21)-
(23) can be represented as
Xi = xi +
cθl
2
P
2h¯
[a˜× p]i = xi + 1
2
[θ × p]i, (24)
Pi = pi − cηh¯
2l2P
[x× p˜b]i = pi − 1
2
[x× η]i, (25)
where coordinates and momenta xi, pi satisfy (6)-(8) and for convenience the following
vectors
θ = (θ1, θ2, θ3), η = (η1, η2, η3), (26)
θi =
1
2
∑
jk
εijkθjk, (27)
ηi =
1
2
∑
jk
εijkηjk, (28)
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are introduced.
After rotation one has X ′i = U(ϕ)XiU
+(ϕ), P ′i = U(ϕ)PiU
+(ϕ) a′i = U(ϕ)aiU
+(ϕ),
pb′i = U(ϕ)p
b
iU
+(ϕ). The rotation operator U(ϕ) = exp(iϕ(n · Lt)/h¯), contains the total
angular momentum which reads Lt = [x×p]+h¯[a˜×p˜a]+h¯[b˜×p˜b] [18]. The commutation
relations for coordinates and momenta remain the same
[X ′i,X
′
j ] = icθl
2
P
∑
k
εijka˜
′
k, (29)
[X ′i, P
′
j ] = ih¯
(
δij +
cθcη
4
(a˜′ · p˜b′)δij − cθcη
4
a˜′j p˜
b′
i
)
, (30)
[P ′i , P
′
j ] =
cηh¯
2
l2P
∑
k
εijkp˜
b′
k . (31)
3 Hamiltonian of a system of interacting oscil-
lators in noncommutative phase space with rota-
tional symmetry
Let us study a system of N interacting harmonic oscillators of masses m and frequencies
ω in uniform field in noncommutative phase space with rotational symmetry (21)-(23).
The hamiltonian of the system reads
Hs =
∑
n
(P(n))2
2m
+
∑
n
mω2(X(n))2
2
+
k
2
∑
m,n
m6=n
(X(n) −X(m))2 +
+κ
∑
n
X
(n)
1 . (32)
Here κ and k are constants. The direction of the field for convenience is chosen to coincide
with the X1 axis direction. For κ = 0, Hamiltonian (32) corresponds to nondissipative
symmetric network of coupled harmonic oscillators [49].
Coordinates and momenta satisfy the following commutation relations
[X
(n)
i ,X
(m)
j ] = ih¯δmnθ
(n)
ij , (33)
[X
(n)
i , P
(m)
j ] = ih¯δmn

δij +∑
k
θ
(n)
ik η
(m)
jk
4

 , (34)
[P
(n)
i , P
(m)
j ] = ih¯δmnη
(n)
ij , (35)
with
θ
(n)
ij =
c
(n)
θ l
2
P
h¯
∑
k
εijka˜k, (36)
η
(n)
ij =
c
(n)
η h¯
l2P
∑
k
εijkp˜
b
k, (37)
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here indexes m,n = (1...N) label the particles. Note that we consider the general case
when different particles satisfy noncommutative algebra with different tensors of non-
commutativity. The problem of description of composite system in rotationally invariant
noncommutative phase space was discussed in our previous paper [54]. In the paper we
proposed condition on the parameters c
(n)
θ , c
(n)
η in tensors of noncommutativity on which
the list of important results can be obtained (among them the noncommutative coordi-
nates are independent on mass and noncommutative momenta are proportional to mass
as it has to be, coordinates and momenta of the center-of-mass commute with the coordi-
nates and momenta of the relative motion [54], the weak equivalence principle is recovered
[55]). The conditions read
c
(n)
θ mn = γ˜ = const,
c
(n)
η
mn
= α˜ = const. (38)
Constants γ˜, α˜ are the same for particles with different masses. We would like also to
note that the idea to relate parameters of algebra for coordinates and momenta with mass
is also important in deformed space with minimal length [56, 57, 58], two-dimensional
noncommutative space of canonical type [59], four-dimensional noncommutative phase
space of canonical type [60, 61].
In the case of system of harmonic oscillators with masses m taking into account (36),
(37), (38) one has
θ
(n)
ij = θij =
cθl
2
P
h¯
∑
k
εijka˜k, (39)
η
(n)
ij = ηij =
cηh¯
l2P
∑
k
εijkp˜
b
k, (40)
with cθ = γ˜/m, cη = α˜m.
Using representation (24)-(25) and (39), (40) the hamiltonian of a system can be
written in the following form
Hs =
∑
n
(
(p(n))2
2m
+
mω2(x(n))2
2
+ κx
(n)
1
)
+
k
2
∑
m,n
m6=n
(x(n) − x(m))2 +
+
∑
n
(
−(η · L
(n))
2m
− mω
2(θ · L(n))
2
+
κ
2
[θ × p(n)]1 + mω
2
8
[θ × p(n)]2+
+
[η × x(n)]2
8m
)
− k
2
∑
m,n
m6=n
θ · [(x(n) − x(m))× (p(n) − p(m))] +
+
∑
m,n
m6=n
k
8
[θ × (p(n) − p(m))]2, (41)
where L(n) = [x(n) × p(n)]. Because of involving of additional coordinates and additional
momenta a˜i, b˜i p˜
a
i , p˜
b
i we have to consider the total hamiltonian which is the sum of Hs
and Hamiltonians of harmonic oscillators Haosc, H
b
osc
H = Hs +H
a
osc +H
b
osc = H0 +∆H. (42)
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here
H0 = 〈Hs〉ab +Haosc +Hbosc, (43)
∆H = H −H0 = Hs − 〈Hs〉ab, (44)
〈...〉ab denotes averaging over degrees of freedom of harmonic oscillators Haosc Hbosc in the
ground states
〈...〉ab = 〈ψa0,0,0ψb0,0,0|...|ψa0,0,0ψb0,0,0〉 (45)
ψa0,0,0, ψ
b
0,0,0 are eigenstates of tree-dimensional harmonic oscillators H
a
osc, H
b
osc in the
ground states in the ordinary space (space with commutative coordinates and commuta-
tive momenta).
In our previous paper [54] we concluded that up to the second order in ∆H one can
consider Hamiltonian H0.
For a system of interacting harmonic oscillators using
〈ψa0,0,0|θi|ψa0,0,0〉 = 〈ψb0,0,0|ηi|ψb0,0,0〉 = 0, (46)
〈θiθj〉 = c
2
θl
4
P
h¯2
〈ψa0,0,0|a˜ia˜j |ψa0,0,0〉 =
c2θl
4
P
2h¯2
δij =
〈θ2〉δij
3
, (47)
〈ηiηj〉 =
h¯2c2η
l4P
〈ψb0,0,0|p˜bi p˜bj|ψb0,0,0〉 =
h¯2c2η
2l4P
δij =
〈η2〉δij
3
, (48)
and calculating
〈[η × x(n)]2〉ab = 2
3
〈η2〉(x(n))2, 〈[θ × p(n)]2〉ab = 2
3
〈θ2〉(p(n))2, (49)
〈[θ × (p(n) − p(m))]2〉ab = 2
3
〈θ2〉(p(n) − p(m))2 (50)
the expression for ∆H can be written as
∆H =
∑
n
(
−(η · L
(n))
2m
− mω
2(θ · L(n))
2
+
κ
2
[θ × p(n)]1 + mω
2
8
[θ × p(n)]2+
+
[η × x(n)]2
8m
)
− k
2
∑
m,n
m6=n
θ · [(x(n) − x(m))× (p(n) − p(m))] +
+
∑
m,n
m6=n
k
8
[θ × (p(n) − p(m))]2 −
∑
n
(
〈η2〉(x(n))2
12m
+
〈θ2〉mω2(p(n))2
12
)
−
− k
12
∑
m,n
m6=n
〈θ2〉(p(n) − p(m))2.
(51)
So, on the basis of conclusion presented in [54] up to the second order in ∆H (or taking
into account (51), up to the second order in the parameters of noncommutativity) for a
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system of interacting harmonic oscillators in uniform field we can consider the Hamiltonian
as
H0 =
∑
n
(
(p(n))2
2m
+
mω2(x(n))2
2
+ κx
(n)
1
)
+
k
2
∑
m,n
m6=n
(x(n) − x(m))2 +
+
∑
n
(
〈η2〉(x(n))2
12m
+
〈θ2〉mω2(p(n))2
12
)
+
+
k
12
∑
m,n
m6=n
〈θ2〉(p(n) − p(m))2 +Haosc +Hbosc. (52)
4 Influence of noncommutativity on the spec-
trum of a system of N interacting oscillators
Let us find energy levels of a system of N interacting harmonic oscillators. It is convenient
to introduce effective mass and effective frequency
meff = m
(
1 +
m2ω2〈θ2〉
6
)−1
, (53)
ωeff =
(
ω2 +
〈η2〉
6m2
) 1
2
(
1 +
m2ω2〈θ2〉
6
)1
2
(54)
and rewrite (52) as
H0 =
∑
n
(
(p(n))2
2meff
+
meffω
2
eff (x˜
(n))2
2
)
− Nκ
2
2meffω
2
eff
+
+
k
2
∑
m,n
m6=n
(x˜(n) − x˜(m))2 + k
12
∑
m,n
m6=n
〈θ2〉(p(n) − p(m))2 +Haosc +Hbosc. (55)
where the vector
x˜(n) =
(
x
(n)
1 +
κ
meffω
2
eff
, x
(n)
2 , x
(n)
3
)
, (56)
is introduced. Coordinates and momenta x˜(n), p(n) satisfy the ordinary commutation
relations
[x˜
(n)
i , x˜
(m)
j ] = 0, (57)
[x˜
(n)
i , p
(m)
j ] = ih¯δnmδij , (58)
[p
(n)
i , p
(m)
j ] = 0. (59)
Note also that
[H0,H
a
osc] = [H0,H
b
osc] = 0. (60)
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Therefore, the spectrum of H0 reads
E{n1},{n2},{n3} =
N∑
a=1
h¯ωa
(
n
(a)
1 + n
(a)
2 + n
(a)
3 +
3
2
)
− Nκ
2
2meffω
2
eff
+
+3h¯ωosc. (61)
where
ω1 = ωeff , (62)
ω2 = ω3 = ... = ωN =
=
(
ω2eff +
2kN
meff
+
kN〈θ2〉meffω2eff
3
+
2k2〈θ2〉N2
3
) 1
2
. (63)
n
(a)
i are quantum numbers (n
(a)
i = 0, 1, 2...). In (61) we take into account that the
oscillators Haosc, H
b
osc are in the ground states. The first term in (61) corresponds to
the spectrum of the center-of-mass of the system. The terms with a = 2..N corresponds
to the spectrum of the relative motion. This can be shown introducing coordinates and
momenta of the center-of-mass xc =
∑
n x
(n)/N , pc =
∑
n p
(n), and coordinates and
momenta of relative motion ∆x(n) = x(n) − xc, ∆p(n) = p(n) − pc/N . From (55) we can
write
H0 = H
c +Hrel +H
a
osc +H
b
osc, (64)
Hc =
(pc)2
2Nmeff
+
Nmeffω
2
eff (x˜
c)2
2
− Nκ
2
2meffω
2
eff
, (65)
Hrel =
∑
n
(
(∆p(n))2
2meff
+
meffω
2
eff (∆x
(n))2
2
)
+
+
k
2
∑
m,n
m6=n
(∆x(n) −∆x(m))2 + k
12
∑
m,n
m6=n
〈θ2〉(∆p(n) −∆p(m))2, (66)
[Hc,Hrel] = [H
c,Haosc +H
b
osc] = [Hrel,H
a
osc +H
b
osc] = 0, (67)
where x˜c =
(
xc1 + κ/(meffω
2
eff ), x
c
2, x
c
3
)
. So, from (61) we have that the noncommuta-
tivity of coordinates and noncommutativity of momenta effects on the frequencies in the
spectra of the center-of-mass and relative motion of the system. The presents of uniform
field shifts the spectrum on a constant.
In the limit 〈θ2〉 → 0, 〈η2〉 → 0 the expression for E{n1},{n2},{n3} reduces to known
spectrum for system of N interacting harmonic oscillators in uniform field in the ordinary
space
E{n1},{n2},{n3} = h¯ω
(
n
(1)
1 + n
(1)
2 + n
(1)
3 +
3
2
)
+
+
N∑
a=2
h¯
(
ω2 +
2Nk
m
) 1
2
(
n
(a)
1 + n
(a)
2 + n
(a)
3 +
3
2
)
− Nκ
2
2mω2
(68)
9
From (61) setting ω = 0, one can write the following expression for the spectrum of a
system of N particles of mass m with harmonic oscillator interaction.
E{n1},{n2},{n3} =
h¯〈η2〉
6m2
(
n
(1)
1 + n
(1)
2 + n
(1)
3 +
3
2
)
+
+h¯
(
2kN
m
+
〈η2〉
6m2
+
2k2〈θ2〉N2
3
)1
2
N∑
a=2
(
n
(a)
1 + n
(a)
2 + n
(a)
3 +
3
2
)
−
−3Nκ
2m
〈η2〉 + 3h¯ωosc. (69)
The first term in (69) corresponds to the spectrum of the center-of-mass of the system. In
the contrast to the ordinary space (space with commutative coordinates and commutative
momenta) because of momentum noncommutativity the spectrum of the center-of-mass
of the system of particles with harmonic oscillator interaction is discreet. The spectrum
corresponds to the spectrum of harmonic oscillator with the frequency h¯〈η2〉/6m2. The
frequency in the spectrum of the relative motion is affected by the noncommutativity of
coordinates and noncommutativity of momenta (see second term in (69)).
It is worth mentioning that from (61) and (69) we have that the effect of coordinates
noncommutativity on the spectrum of interacting harmonic oscillators (a system of par-
ticles with harmonic oscillator interaction) increases with increasing of the number of
particles in the system.
For a system of N free particles in uniform field in rotationally invariant noncommu-
tative phase space setting k = 0 in (69) energy levels are as follows
E{n1},{n2},{n3} =
N∑
a=1
h¯〈η2〉
6m2
(
n
(a)
1 + n
(a)
2 + n
(a)
3 +
3
2
)
− 3Nκ
2m
〈η2〉 + 3h¯ωosc. (70)
Note that the spectrum of a system of free particles is affected only by momentum noncom-
mutativity. The spectrum corresponds to the spectrum of N oscillators with frequencies
determined by the parameter of momentum noncommutativity h¯〈η2〉/6m2.
We would like also to mention that the presence of uniform field κ shift the spectra
(61), (69), (70) by constant.
5 Two interacting oscillators in rotationally in-
variant noncommutative phase space
Let us study particular case when a system consists of two oscillators with masses m1,
m2 and frequencies ω1, ω2 and is described by the following Hamiltonian
Hs =
(P(1))2
2m1
+
(P(2))2
2m2
+
m1ω
2
1(X
(1))2
2
+
m2ω
2
2(X
(2))2
2
+ k(X(1) −X(2))2. (71)
where X(n), P(n) satisfy (33)-(35), (n = 1, 2).
System of two coupled harmonic oscillators has various applications in physics (see,
for example, [34, 51] and references therein). The system is considered as a model in
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molecular physics [44, 45], used for description of states of light in the framework of
two-photon quantum optics [52, 53].
Taking into account (43) and using representation (24)-(25), we have
H0 =

(p(1))2
2m
(1)
eff
+
(p(2))2
2m
(2)
eff
+
m
(1)
eff (ω
(1)
eff )
2(x(1))2
2
+
m
(2)
eff (ω
(2)
eff )
2(x(2))2
2

+
+k(x(1) − x(2))2 + k
6
(
〈(θ(1))2〉(p(1))2 + 〈(θ(2))2〉(p(2))2−
−2〈θ(1)θ(2)〉(p(1) · p(2))
)
+Haosc +H
b
osc. (72)
with
m
(n)
eff = mn
(
1 +
m2nω
2
n〈(θ(n))2〉
6
)−1
, (73)
ω
(n)
eff =
(
ω2n +
〈(ηn)2〉
6m2n
) 1
2
(
1 +
m2nω
2
n〈(θ(n))2〉
6
) 1
2
, (74)
〈θ(n)θ(m)〉 = c
(n)
θ c
(m)
θ l
4
P
h¯2
〈ψa0,0,0|a˜2|ψa0,0,0〉 =
3c
(n)
θ c
(m)
θ l
4
P
2h¯2
, (75)
〈(η(n))2〉 = h¯
2(c
(n)
η )2
l4P
〈ψb0,0,0|(p˜b)2|ψb0,0,0〉 =
3h¯2(c
(n)
η )2
2l4P
, (76)
Coordinates x
(n)
i and momenta p
(n)
i satisfy the ordinary commutation relations. So, the
spectrum of H0 is as follows
E{n1},{n2},{n3} = h¯ω+
(
n
(1)
1 + n
(1)
2 + n
(1)
3 +
3
2
)
+
+h¯ω−
(
n
(2)
1 + n
(2)
2 + n
(2)
3 +
3
2
)
+ 3h¯ωosc. (77)
where
ω2± =
1
2
∑
n

(ω(n)eff )2 + 2k
m
(n)
eff
+
km
(n)
eff (ω
(n)
eff )
2〈(θ(n))2〉
3
+
+
2k2
3
(
〈(θ(n))2〉+ 〈θ(1)θ(2)〉
))
± 1
2
√
D, (78)
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D =

∑
n
(ω
(n)
eff )
2 +
∑
n
2k
m
(n)
eff
+
∑
n
km
(n)
eff (ω
(n)
eff )
2〈(θ(n))2〉
3
+
+
∑
n
2k2
3
(
〈(θ(n))2〉+ 〈θ(1)θ(2)〉
))2
− 4
∏
n

(ω(n)eff )2 + 2k
m
(n)
eff
+
+
km
(n)
eff (ω
(n)
eff )
2〈(θ(n))2〉
3
+
2k2
3
(
〈(θ(n))2〉+ 〈θ(1)θ(2)〉
)+
+4

 2k
m
(2)
eff
+
km
(1)
eff (ω
(1)
eff )
2〈θ(1)θ(2)〉
3
+
2k2
3
(
〈(θ(2))2〉+ 〈θ(1)θ(2)〉
)×

 2k
m
(1)
eff
+
km
(2)
eff (ω
(2)
eff )
2〈θ(1)θ(2)〉
3
+
2k2
3
(
〈(θ(1))2〉+ 〈θ(1)θ(2)〉
) . (79)
In the case of m1 = m2 we have m
(n)
eff = meff , ω
(n)
eff = ωeff and the expressions reduce to
ω− = ωeff , (80)
ω+ =
(
ω2eff +
4k
meff
+
2k〈θ2〉meffω2eff
3
+
8k2〈θ2〉
3
) 1
2
. (81)
which corresponds to (62), (63) with N = 2.
6 System of three interacting oscillators in rota-
tionally invariant noncommutative phase space
Let us study a system of three interacting oscillators with masses m1, m2 = m3 = m, and
frequencies ω1, ω2 = ω3 = ω. The Hamiltonian reads
Hs =
(P(1))2
2m1
+
(P(2))2
2m
+
(P(3))2
2m
+
m1ω
2
1(X
(1))2
2
+
mω2(X(2))2
2
+
+
mω2(X(3))2
2
+ k(X(1) −X(2))2 + k(X(2) −X(3))2 + k(X(3) −X(3))2. (82)
In the case when ωn = 0 the Hamiltonian (82) is used as a model for description of
confining forces between quarks [41, 42, 43]. Up to the second order in the parameters of
noncommutativity one can consider
H0 =
∑
n
(p(n))2
2m
(n)
eff
+
∑
n
m
(n)
eff (ω
(n)
eff )
2(x(n))2
2
+
+
k
2
∑
m,n
m6=n
(x(n) − x(m))2 + k
12
∑
m,n
m6=n
(
〈(θ(n))2〉(p(n))2 + 〈(θ(m))2〉(p(m))2−
−2〈θ(n)θ(m)〉(p(n) · p(m))
)
+Haosc +H
b
osc. (83)
where m
(n)
eff , ω
(n)
eff , 〈θ(n)θ(m)〉 are defined as (73)-(75).
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The spectrum of (83) reads
E{n1},{n2},{n3} =
3∑
a=1
h¯ω˜a
(
n
(a)
1 + n
(a)
2 + n
(a)
3 +
3
2
)
+ 3h¯ωosc. (84)
ω˜1 =
1√
2

ω2eff + (ω(1)eff )2 + 2kmeff +
4k
m
(1)
eff
+A1 −
√
D


1
2
, (85)
ω˜2 =
1√
2

ω2eff + (ω(1)eff )2 + 2kmeff +
4k
m
(1)
eff
+A1 +
√
D


1
2
, (86)
ω˜3 =
(
ω2eff +
6k
meff
) 1
2 (
1 + kmeff 〈θ2〉
) 1
2 , (87)
with
D =

ω2eff − (ω(1)eff )2 + 4kmeff −
4k
m
(1)
eff
+A2


2
+
(
2k
m
+A3
)(
2(ω
(1)
eff )
2−
−2ω2eff −
6k
m
+
8k
m
(1)
eff
+ 8
(
2k
m
+A4
)(
2k
m1
+A5
)(
2k
m
+A3
)−1
+A6

 , (88)
A1 =
(
kmeffω
2
eff
3
+
2k2
3
)
〈θ2〉+

2km(1)eff (ω(1)eff )2
3
+
8k2
3

 〈(θ(1))2〉+
+
8k2
3
〈θθ(1)〉, (89)
A2 =
(
2kmeffω
2
eff
3
+
10k2
3
)
〈θ2〉 −

2km(1)eff (ω(1)eff )2
3
+
8k2
3

 〈(θ(1))2〉 −
−2k
2
3
〈θθ(1)〉, (90)
A3 =
(
8k2
3
+
kmeffω
2
eff
3
)
〈θ2〉 − 2k
2
3
〈θθ(1)〉, (91)
A4 =

km(1)eff (ω(1)eff )2
3
+
4k2
3

 〈θθ(1)〉+ 2k2
3
〈θ2〉, (92)
A5 =
(
kmeff (ω
2
eff )
3
+
2k2
3
)
〈θθ(1)〉+ 4k
2
3
〈(θ(1))2〉, (93)
A6 = −
(
kmeffω
2
eff + 4k
2
) 〈θ2〉+

4km(1)eff (ω(1)eff )2
3
+
16k2
3

 〈(θ(1))2〉+
+
2k2
3
〈θθ(1)〉. (94)
here for convenience we use notations meff = m
(2)
eff = m
(3)
eff , ωeff = ω
(2)
eff = ω
(3)
eff , and
θ = θ(2) = θ(3).
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In the case when the masses and frequencies of the oscillators are equal, m1 = m,
ω1 = ω, the result (84) reproduce (61) with N = 3. We have
ω˜1 = ωeff , (95)
ω˜2 = ω˜3 =
(
ω2eff +
6k
meff
+ k〈θ2〉meffω2eff + 6k2〈θ2〉
) 1
2
. (96)
For Hamiltonian (82) with ωn = 0 which is considered for description of confining
forces between quarks the spectrum is given by (84) with (85), (86), (87) and m
(1)
eff = m1,
meff = m, ω
(1)
eff =
√
〈(η1)2〉/
√
6m21, ωeff =
√
〈(η)2〉/
√
6m2. Note, that because of
noncommutativity of coordinates and noncommutativity of momenta the spectrum of the
center-of-mass of the system is discrete and corresponds to the spectrum of harmonic
oscillator with frequency ω˜1 (85).
In a rotationally-invariant space with noncommutativity of coordinates (space which
is characterized by (33), (34) and [P
(n)
i , P
(m)
j ] = 0), the spectrum of a system described
by Hamiltonian (82) with ωn = 0 has the form (84) with frequencies
ω˜1 = 0, (97)
ω˜2 =
1√
2
(
2k
m
+
4k
m(1)
+
2k2
3
〈θ2〉+ 8k
2
3
〈(θ(1))2〉+ 8k
2
3
〈θθ(1)〉+
√
D
) 1
2
, (98)
ω˜3 =
(
6k
m
+ 6k2〈θ2〉
) 1
2
, (99)
where
D =
(
4k
m
− 4k
m(1)
+
10k2
3
〈θ2〉 − 8k
2
3
〈(θ(1))2〉 − 2k
2
3
〈θθ(1)〉
)2
+
(
2k
m
+
+
8k2
3
〈θ2〉 − 2k
2
3
〈θθ(1)〉
)(
−6k
m
+
8k
m(1)
+ 8
(
2k
m
+
4k2
3
〈θθ(1)〉+ 2k
2
3
〈θ2〉
)
×
×
(
2k
m1
+
2k2
3
〈θθ(1)〉+ 4k
2
3
〈(θ(1))2〉
)(
2k
m
+
8k2
3
〈θ2〉 − 2k
2
3
〈θθ(1)〉
)−1
−
−4k2〈θ2〉+ 16k
2
3
〈(θ(1))2〉+ 2k
2
3
〈θθ(1)〉
)
.
(100)
The frequencies are obtained putting ωeff = ω
(1)
eff = 0, m
(1)
eff = m1, meff = m in (85),
(86), (87). Note, that the spectrum of the center-of-mass of the system is not affected
by noncommutativity of coordinates (97). The noncommutativity has influence on the
frequencies in the spectrum of the relative motion (98), (99).
7 Conclusions
We have considered noncommutative phase space of canonical type with rotational sym-
metry (21)-(23). The corresponding noncommutative algebra is constructed with the help
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of generalization of parameters of noncommutativity to tensors determined by additional
coordinates and additional momenta [18].
In the frame of the rotationally invariant noncommutative algebra we have examined
a system of N harmonic oscillators with harmonic oscillator interaction in uniform field.
The total hamiltonian has been constructed and analyzed (42). We have found energy
levels of the system up to the second order in the parameters of noncommutativity. We
have obtained that noncommutativity affects on the frequencies of the system (61). Uni-
form field causes shift of the spectrum on a constant (61). A system of two interacting
oscillators and a system of three interacting oscillators have been studied in details and
the corresponding spectra have been obtained (77), (84).
As particular cases, a system of particles with harmonic oscillator interaction and
a system of free particles have been studied in uniform field in rotationally-invariant
noncommutative phase space. We have obtained that the spectrum of free particles in
uniform field corresponds to the spectrum of a system of N oscillators with frequencies
h¯〈η2〉/6m2 and is not affected by the coordinates noncommutativity (70). For a system
of particles with harmonic oscillator interaction in uniform field we have found that the
spectrum of the center-of-mass of the system is affected by noncommutativity of momenta
and corresponds to the spectrum of harmonic oscillator (see first term in (69)). The
spectrum of the relative motion of the system corresponds to the spectrum of harmonic
oscillators with frequencies determined by parameters of momentum noncommutativity
and coordinate noncommutativity (see second term in (69)). We have concluded that
effect of coordinates noncommutativity on the spectra of systems with harmonic oscillator
interaction (system of interacting harmonic oscillators, system of particles with harmonic
oscillator interaction) increases with increasing of the number of particles in the systems
(61), (69).
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